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Abstract—We have investigated the stability of an horizontal liquid layer heated from below, in the
Rayleigh—Bénard configuration, on a water—isopropanol-ethanol mixture. Neglecting the cross-diffusional
effects, we have developed a linear stability analysis of the rest state and compared it with experiments. We
did not find sufficient agreement. However, incorporating the cross-diffusion in the theory, it is possible to
recover the critical parameters for the onset of convection. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Thermal convection in binary fluids has attracted a
lot of researchers in the last 20 years. In the beginning
of the seventies, attention was given to the linear stab-
ility theory in the Rayleigh-Bénard configuration. Let
us recall here that a binary mixture, initially homo-
geneous in composition, submitted to a temperature
gradient, will display at the steady state a con-
centration gradient due to the so-called thermal
diffusion (or Soret) effect. Therefore, depending on
the sign of the Soret coefficient, the onset of con-
vection can be delayed or anticipated. To be more
specific, let us consider a mixture of water—ethanol
diluted in ethanol. In that case, ethanol migrates to
the cold boundary, i.e. to the upper boundary in the
Rayleigh-Bénard configuration. In other words, the
denser component (water) migrates to the bottom of
the container and therefore diminishes the adverse
steady density gradient: convection is then delayed
and the critical Rayleigh number increases. The
opposite effect is sometimes observed, namely in con-
centrated solutions in alcohol, since the sign of the
Soret coefficient is strongly dependent on composition
of the system. Different teams have worked intensively
on this problem before 1975 [1-6]. A review of these
older studies may be found in the monograph by Plat-
ten and Legros [7]. In the last decade, a renewed
interest was given to this problem, due to the rich
dynamical behaviour involved in the case of a sta-
bilizing concentration gradient (increase of the critical
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Rayleigh number) : instability sets in as oscillations of
increasing amplitude (‘overstability’ in contra-
distinction with the principle of ‘exchange of stability’
valid in a pure fluid), finite amplitude convection is
characterized by travelling waves (TW), and some-
times by localized travelling waves (LTW), counter
propagating travelling waves (CPTW), etc. Next, by
increasing the Rayleigh number, there is a bifurcation
towards steady overturning convection (SOC). In the
late eighties, there has been an exponentially increas-
ing number of publications on the subject, and it is
hopeless to give an exhaustive list of them. Let us
however quote some of the leading research teams
which have contributed to a better knowledge of this
subject: besides ourselves [8-12] we would like to
mention the work directed by Liicke [13-18], Kol-
odner [19-23], Steinberg [24-26], and many others.
Both theoretical work (linear as well as non-linear
theory, e.g. amplitude equation or numerical simu-
lations) and experimental work (e.g. shadowgraphy
or very precise velocity field determinations by laser-
doppler velocimetry, LDV) have been reported. Let
us summarize here some of the main results that will
be used subsequently in this paper.

The main parameter characterizing the binary mix-
ture is the so-called separation ratio ¢ defined as

v = DTN,N,B
Da

where D is the isothermal diffusion coefficient, DT the
thermal diffusion coefficient, N, N, the product of the
mass fractions of the two components, « the thermal
expansion coefficient and B the mass expansion
coefficient since the density p is now written as

O
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NOMENCLATURE
Cp  specific heat A thermal conductivity
D isothermal diffusion coefficient U chemical potential of component i
D" nth derivative with respect to z v kinematic viscosity
D" thermal diffusion coefficient II period
d depth of the layer p density
k wave number ] stream function
g gravitional acceleration ¥ separation factor
J mass flux w critical frequency.
N mass fraction
Pr Prandtl number Subscripts
r reduced Rayleigh number cold cold limit
Ra  Rayleigh number crit  critical
Sc Schmidt number hot  hot limit
T temperature ij component i, j
t time TW  travelling wave
v velocity ter  ternary
w thermal flux x horizontal
X generalized force y horizontal
x,y  horizontal coordinates z vertical
z vertical coordinate. 0 reference state.
Greek symbols Superscripts
o thermal expansion coefficient ex exchange of stability
B mass expansion coefficient over overstability
AT  temperature difference S steady-state
K thermal diffusivity 0 reference state.
p=poll—a(T=T)+BM, —N?l. (@) y<—__ P+ ©
(A +Sc)(Sc+ Pry+Pr*’

Since from non-equilibrium thermodynamics the sign
of the cross-coefficient in the phenomenological fluxes
is not prescribed, DT may be positive or negative,
depending on the sense of migration of the solute,
thus the sign of ¥ is not fixed. The critical Rayleigh
number, deduced from the linear stability theory reads
(in the case of free, permeable and conductive bound-
aries)

Ra™ = Rao<1+lllpr;SC>_ (3)
over _ o A8 (Pr+8c) Pr )-1
R = Ra se . U)o
Q)

where Ra™ is the critical Rayleigh number in the case
of exchange of stability, Ra®" is the critical Rayleigh
number in the case of overstability, Pr is the Prandtl
number (Pr = v/k, v the kinematic viscosity and «
the thermal diffusivity), Sc is the Schmidt number
(Sc¢ = v/D), Ra® = 27n*/4 is the critical Rayleigh num-
ber for a pure fluid (y = 0), with the same boundary
conditions. When ¥ < 0, the critical Rayleigh number
is greater than Ra®, and moreover Ra®® < Ra™ pro-
vided that

If Sc¢ > Pr, which is usually the case in most of liquid
systems, like water-alcohol solutions (Pr = 10,
Sc &~ 1000), the condition (5) becomes ¥ < —107%,
which is usually fulfilled since ¥ & —10~". Therefore
we conclude that when the concentration gradient is
stabilizing, overstability prevails and the linear theory
provides also the critical frequency at onset of con-
vection

—y(Sc+ Pr)(Sc+1) 1 ©)
PrSc*(1+ Pr+yPr)

3n?
o= 3 (Pr) S
The Prandtl number, written in the above equation
between parentheses in front of the square root sign,
has to be omitted when the time scale used is d%/v
instead of d%/x.

Equations (3)-(6) are valid without restriction for
free, permeable and conductive boundary conditions.
However approximate formulas may be obtained
when Sc >» Pr, and these formulas can be extended,
at least approximately, to the more realistic case of
rigid, impermeable and conductive conditions

Raover~ blp
Ra®  1+1/Pr+y

¥ =

N
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Note that (1/Pr) in front of the square root sign in
equation (8) has o be omitted when the time scale is
d*/x instead of d*/v. In equations (7) and (8), the two
constants g and & are [5, 22]:

(1) a =1;b = 1forfree, permeable and conductive
boundaries, i.e. Ra® = 27xn*/4;

(2) a=143; b = 1.05 for rigid, impermeable and
conductive boundaries, i.e. Ra® = 1708.

Near room teraperature many experiments were
done on water-alcohol solutions, in particular on
water—ethanol and water—isopropanol solutions. The
two sets of experiments on the two systems allow the
determination of the two separation ratios ¥, and ¥,
together with the two frequencies w, and w,. A com-
plete agreement was found with the linear theory.

The question now arises to know what happens in
the ternary system water—ethanol-isopropanol
initially homogeneous and heated from below. Do
the two separate stabilizing effects mutually reinforce
themselves? At what frequency does the system oscil-
late, close to w, or close to w,? Can we find a relation
between the frequency of oscillation w,, in a ternary
system and the two frequencies @, and w, in the two
separate binary solutions? This is the object of this
paper. Thus we decided to reconsider the linear stab-
ility theory, to extend it to ternary systems, and to
perform new experiments on ternary systems.

Besides its fundamental interest, this problem may
have some industrial applications, e.g. in the oil indus-
try, since one usually has to face polynary systems
(like a mixture of many hydrocarbons).

To close the introduction, let us mention that triply
diffusive fluid layer in the Rayleigh—Bénard con-
figuration have already been studied in the past (theor-
etical study of the onset of convection) [27-30]. How-
ever it was clearly stated in all those papers that ‘Soret,
Dufour, and other off-diagonal contributions to the
fluxes of the stratifying agencies are neglected’. The
main objective of the above mentioned papers is thus
totally different from ours: here we start with an
homogeneous liquid layer, and the stratification is
induced by the ‘off-diagonal contributions’, namely
by Soret effects. Moreover, we have in mind an exper-
imental study, not a topological study of the neutral
curves.

2. PHENOMENOLOGICAL FORMS OF THE
FLUXES

In ternary systems submitted to a temperature
gradient, there are three mass fluxes: J; (=1, 2, 3) and
one thermal flux W, related to the thermodynamic
generalized forces X; = — grad(u)r (1 is the chemical
potential of component i, i=1,2,3) and
X, = —grad(T)/T by linear laws

Jy=a X, +anXo+anXsFag Xy
Jr = ay X1+ 03X, +ayXs+amXy
Jy = a3 X, +a3. X, + a3 X +asp X
W = am X) + X + 033 X3 + pn X )

Among the 16 coefficients g, there exist 10 relations:
the sum of the three mass fluxes must be equal to zero
(four conditions) and six Onsager reciprocal
relations.

Thus there are three independent fluxes related to
the forces by six phenomenological coefficients.

Ji=an (X1 —X3)+tap(X,—X3) +ayn Xy
Jy = a2 (X — X3) +a,2(X; — X3) +an X

W= au(X| —X3) + (X, — X3) + apmXn.  (10)

Among these six coeflicients, three are related to iso-
thermal diffusion (a;;, @2 and a;,), two coefficients
(a1 and a,y,) are related to the two thermal diffusion
effects and one coefficient (ay,,) to the thermal con-
ductivity of the mixture.

Equations (10) show that the thermodynamic forces
are (X;—X;), (X,— X3) and X,,. However we would
like to keep mass fraction gradients as the forces.
Since the three gradients of chemical potential X; =
—grad(u)r (i =1,2,3) are connected by the Gibbs—
Duhem equation, it is possible to eliminate say
X; = —grad(u;)r in the above equations (10) and next
to introduce the gradients of mass fractions by :

_ Opy
grad(u,)r = < AN, )TM grad(N,)

3
+ (a_M)T,Nl grad(¥,) (11)

and a similar expression for grad(u,)+.
In this way we get

J; = —pD,,grad(N,) —pD,grad(N-)
- [I‘T"‘grad(ﬂ

J, = —pD, grad(N,) — pD,,grad(N,)
— 2 grad(7)

W = —pDg,grad(N,) — pDpgrad(N>)

—ﬂ;ﬂgradm. (12)
Clearly the four isothermal diffusion coefficients D,
are nothing else than abbreviations for long quantities
containing the Onsager coefficients a;, the partial
derivatives of the chemical potentials (éu,/0N;) and
the mass fractions N; of the three components. These
four coefficients D,; are not independent since there
are only three independent Onsager coefficients a,,
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a3, Gy, and a formal linear relation could be obtained
expressing e.g. D,, in terms of D,,, D,, D,, and also
in terms of (0y,/0N;) and N,. However this relationship
will not be derived here, since we will not use it further.
Of course, equations (12) are very general and could
be written down immediately without any ther-
modynamical justification. Equations (12) also intro-
duce two Dufour coefficients, Dy, and Dg,, but as
usual in liquids, the Dufour effect will be neglected in
the subsequent paragraphs.

The form of the phenomenological fluxes (12)
closely resembles that obtained by the kinetic theory
of gases [31]. However, for gases the diffusion
coefficients are simply related to the mass and sizes
of the molecular species. In particular for a ternary
mixture of rigid spheres of equal size and mass it can
be shown that the cross-diffusion coefficients D,, and
D,, are identically zero.

We will work out the theory neglecting in a first step
cross-diffusional effects, even if the solute molecule
‘ethanol’ and ‘isopropanol’ used in the experimental
part are not of equal mass and size, and certainly not
rigid spheres, hoping that our approximations will
reflect the experiments, since finally the mass and size
of the two solutes are not too different.

There are other justifications for neglecting cross-
diffusion. Indeed, since our goal is the study of two
simultaneous thermal diffusion effects, we may not
introduce at the same time in the equations a sup-
plementary effect, namely cross-diffusion, which is an
isothermal effect. The study of cross-diffusion in iso-
thermal systems with two imposed solute gradients,
has been worked out by McDougall [32]. Last, but
not least, the values of cross-diffusion coefficients are
generally not known, and we feel not worth, for the
time being, introducing into equations cross-diffusion
coefficients whose signs are even not known.

Finally let us write

Qthth
T = A

a
— = P(DT2Ni Ny + DTN, Ny)

Qyh

T = p(—DT,N\N,+D7;N,N;).

(13)

The reason for introducing new phenomenological
coefficients D], is to recover formally the expressions
which are employed in all the three conceivable binary
mixtures. We also hope that the D] are less con-
centration dependent than the a,,.

With all our assumptions, the new forms of the
phenomenological laws are:

Jy = —pDy,grad(N,) —p(D1,N\N,
+DT3 N, N3)grad(T)
Jy, = —pDy,grad(N,) —p(— DT, N\N,

+D73N, N;)grad(T)

W = —Agrad(T). (14)

Since we have in mind experiments in dilute solutions
of ethanol and isopropanol in water (the solvent), it
is quite natural to consider the two independent fluxes
Jy and J, as being those of the two solutes (component
3 in water, component 1 will be isopropanol and 2
ethanol). Moreover since N, « 1 and N, « 1, the
product N, N, will be neglected and the final phenom-
enological laws that we will use in the linear stability
analysis are

Jy = —pDy,grad(N,) — pDT; N, N;grad(T)
Jy = —pDy,grad(N,) — pD3; N, Nygrad(T)
W = —Agrad(T).

(15

Thus, we are not really studying a ternary mixture,
but more precisely two binary mixtures (of 1 and 3,
and of 2 and 3) present simultaneously in the cell
without interaction, each of these binary mixtures
contributing separately to the density gradient, and
therefore to the stability of the system.

Attention should be given to the fact that, in binary
mixtures, the independent flux was conventionally
taken as that of the denser component (i.e. in the
present case water, the solvent) ; thus there will be a
change of sign in the values of D,Tj, but also of the
mass expansion coefficient f§;, which will not affect the
sign of the separation ratios y;, of the two solutes.

3. THE LINEAR STABILITY ANALYSIS

We assume the following equation of state (16),
where a is the thermal expansion coefficient, f, and B,
the mass expansion coefficients of the two solutes:

p = poll —a(T—To) + B, (N, ~N) + B> (N, — N9)].
16)

The two-dimensional conservation equations (Fig. 1),
using the so-called Boussinesq hypothesis, are

oo, Ov,
wta 0
AZ g

Fig. 1. System of coordinates.
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The pressure, as usual, has been eliminated. The prod-
uct of the mass fractions multiplying the thermal
diffusion coefficients is assumed to be constant and to
be equal to its initial value, indicated by the super-
script 0.

There exists a steady rest state (indicated by the
superscript S), together with linear temperature and
concentration profiles e.g.

M) i@ :i— Ni0)

= N§(0)+z (18)
and a similar expression for N5 (z).

For permeable boundary conditions, N5 and N
are imposed at the boundaries z = ( and z = d. The

vertical component of the mass fluxes is given by

Ni(d)-Ni(0)

+DLNNe

Tcold — Thot)
~—~d——) (19)

and a similar expression for J3,.

When N$(0) and N5(d) are given (permeable
boundary conditions), the mass flux through the
liquid layer is also given. On the contrary, for imper-
meable boundary conditions, J§, = 0 and therefore,
the mass fraction gradient can be calculated

N?(d)_N§(o) D[J Q 0(72:0(4"7}10‘)
AW AN\l e 0
d “p NN T 20
and is entirely determined by the Soret effect.
To the above steady-state profiles, we add per-
turbations, we linearize the conservation equations
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and finally we do a normal mode analysis and write
for the different fields

F= (Nth: T,Ux,l)z),

Flx,z,1) = F5(z) + F(z)e™ e n
We get using the notation d*/dz* = D":
. N$(d)—N5(0 .
N + —(—d)d——Q =D, (D> —k*)N,
LNINYDI k)T
. NS
oity+ OO, _ o2 gy,
DL NINUD*~k)T
w(D?—k*)6, = w(D? —k*)?5,—agh*T
+ﬂ1gk2Nl +ﬂzgk21\72
o Tou—T
wr+ﬂ3ﬂ* =x(D*-k»)T. (22)

We now use the following scales : d for length, 4%/v for
time, v/d for velocity, AT = Tyoe— Teora for tem-
perature and AN, = N3(d)— N3(0) for mass fraction
of component i (i = 1,2). We shall not use new sym-
bols for the nondimensional quantities. In a non-
dimensional form, the linearized equations (22)
become

(D —k* —wSc )N, + 8¢, 0,+ 4, (D> — k)T =0

(D? —k* — w8y )N, +8c,6,+ A, (D>~ k)T =0
Pr(D? —k*)(D? —k* — w)3,
+k"Ra( T+ g LN+ le2>= 0
1
(D2 —k*—~wPr)T+Pro, =0 (23)

where Pr = v/x is the Prandtl number, and for each
solute (i=1,2) Sc;=v/D; are the two Schmidt
numbers. i, the separation ratios, and A4,, are defined
below by

Dt _
Ai = M3 N,D Ng sThm Ttxs)ld
D; Ni{d)—N; ()
D}
b =21B5 oy 2

When the mass fraction gradients are solely deter-
mined by the Soret effect (cf. equation (20)), 4; = 1
(i = 1,2), otherwise 4; may have any value. In the
remainder of the present paper we shall concentrate
on the Soret effect, i.e. we shall take 4, =1 (i = 1, 2).

We have now to adopt boundary conditions. The
realistic (i.c. experimental} case of rigid impermeable
and conductive boundary conditions is difficult to
treat ; therefore we take the unrealistic case (but more
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tractable) of free, permeable and conductive bound-
ary conditions for which

F(z) = Fsin(nzz). (25)

Substituting the fundamental mode (1 = 1) for these
eigenfunctions into equations (23), we get, for non-
trivial solutions to exist (with x* = k> +n7).

—(x*+wSc)) 0
0 —(x* +wSc,)
k*Rays, k*Ray,

0 0
Se, ~x?
Se, —x?

Prx? (x* + w) —k*Ra =0. (9

Pr — (x* +@Pr)

3.1. Case of identical diffusion coefficients

Letusassume Dy, = D,, = D,i.e. S¢, = S¢; = Sc =
v/D. This is a reasonable assumption, since the iso-
thermal diffusion coefficient of isopropanol in water
is 20.87x 107° cm? s~* and that of ethanol in water
is ~107° cm? s~'. In that case equations (26) can be
easily transformed into:

— (x*wSc) 0
0 —(x* +wSc)
K*Ray, K *Ra(y,+y,)

0 0
0 0
Se —x?

Prx* (x* +w) —~k*Ra

Pr —(x*+wPr)

=0 (27)

implying that the critical Rayleigh number and fre-
quency are determined by the same formulas as those
used for a binary mixture (equations (3), (4), (6)),
provided that we substitute ¥ by the sum ¥, +¢,. It
can be easily verified that this result also holds for
polynary systems of ¢ solutes with

Y= ; Y. (28)

The critical wave number also remains unchanged
kot = g/ \/i

3.2. Case of different diffusion coefficients

To be complete we now solve the problem with
Sc, # Sc,. Expanding the determinant of equation
(26), and looking for a relation between the different
nondimensional parameters such that equation (26)
is satisfied for w =0, we get an expression for the
critical Rayleigh number of exchange of stability.

B 271!"/1

4\

R aex

(Pr+Sc,) (Pr+Sc;)\ ™!
Tt T, '

29

We notice that the equation (29) is equivalent to equa-
tion (3) provided that the following change of vari-
ables is made in equation (3):

Y=+,

Sc = Scl%+Sc2%.

In some sense the unique Schmidt number of Section
3.1 has to be replaced by an ‘average’ Schmidt
number. Now we would like to know if equation (4),
for the case of overstability, can also be extended to
ternary systems with two different Schmidt numbers,
with the same change of variables (30). To this end
we consider w purely imaginary. We separate the real
and imaginary parts of equation (26), eliminate ®
between the two and find an expression for Ra®* of
the second degree (that we did not try to factorize).
Then we take the two Schmidt numbers Sc¢, and Sc,,
two separation ratios ¥, and ¥, and we seek for the
interesting root Ra™" of equation (26). Taking
¥ =y, +y¥, and an average Schmidt number as
defined above, we compute Ra®" thanks to equation
(4). We have always found the same values provided
that the two Schmidt numbers are not too different.
By ‘not too different’ we mean a ratio not exceeding
5. Some small discrepancies are found when the two
Schmidt numbers are totally different, e.g. Sc¢, = 100,
Sc, = 2000, Therefore we believe that, when the cross-
diffusional effect is neglected, equations (3), (4), (6)
and sometimes (7) and (8) give the critical numbers
with a sufficient accuracy, provided that we replace y
and Sc with the rules (30).

(30

4. ESTIMATES APPLIED TO THE WATER-
ISOPROPANOL-ETHANOL SYSTEM

We estimate here the critical numbers for a water—
isopropanol-ethanol mixture, since the two binary
mixtures water—isopropanol and water—ethanol have
already been investigated in the laboratory of Mons.
Lhost [33] has studied a binary mixture of 90 wt%
water—10% isopropanol and found a separation ratio
¥, = —0.44 (at a mean temperature of 21°C). Touiri
[34] investigated a binary mixture of 92 wt% water—
8% ethanol for which ¥, = —0.34 (same mean tem-
perature), in agreement with the value given by Kol-
odner et al. [35]. We cannot crudely add here the
two above separation ratios to compute directly the
apparent separation ratio of the ternary mixture with
equation (28). Indeed, we have to take into account
the variation of the different properties like «, §; and
N? when proceeding from binary to ternary mixtures.
However we will assume that the two ratios D5/D; in
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Fig. 2. Temperature variation of the density of the ternary
mixture 9.3 wt% isopropanol-7.2 wt% ethanol-83.5 wt%
water. The slopeis o = 4.20x 1074 K ~'.

the system water—isopropanol-ethanol remain the
same as in the two binary mixtures, namely :

¥, (binary) = —0.44 = DT,/D,, = 1.20x 102K~

W, (binary) = —0.34 = D1,/D,, = 0.78 x 10~2K .
(31

To this end, we have to keep the two water—alcohol
mass fraction ratios in the ternary system equal to
their values in the two water—alcohol binary mixtures.
As a supplementary justification, the quantities D;
and D} for our ternary mixture will certainly not be
found in tables, and we are not yet prepared to mea-
sure these coefficicnts in our laboratory. Finally, we
have already said that the DY are less concentration
dependent than the Onsager coefficients ay,,. This gives
us a ternary mixture composed of N¢ = 0.093 iso-
propanol-N{ = 0.072 ethanol-N§ = 0.835 water.

We have measured the density of this ternary mix-
ture vs temperature and composition and get «, §, and
B, (Figs. 2-4). We have also measured the dynamic
viscosity # with an Hoppler viscosimeter (next
v =1y/p), but A and C, have been computed from
linear laws (like 4 = A, N,+A,N,+4A3N;) as they are
not accessible from tables. Table 1 summarizes all
those properties. Next we obtain with equations (24)
and (28):

¥, = —0.283 instead of —0.44
¥, = —0.153 instead of —0.34
¥ =y, +¢, = —0.44instead of the crude

It

(32)

The decrease of each separation ratio y; is due to the
decrease of each product N? N compared to the
respective binary mixtures, and also from the fact
that the ternary mixture composed now of 16.5% of

approximation —0.78.

977 T

976 |

975 | 1

974 |

[kg m3]

973

972 t

971 + . ~ +
7 8 9 10 11 12

N, [wi%]

Fig. 3. Density of the ternary mixture water—isopropanol-

ethanol at constant temperature 21°C and mass fraction in

ethanol (7.2 wt%) vs mass fraction in isopropanol. The slope
is §, = —0.128.

978 T v v T

972 : 4 L .
5 6 7 8 9 10
N, [wt%)]
Fig. 4. Density of the ternary mixture water—isopropanol-
ethanol at constant temperature 21°C and mass fraction in

isopropanol (9.3 wt%) vs mass fraction in ethanol. The slope
is B, = —0.136.

Table 1. Summary of the physical properties of the ternary
mixture at T, = 21°C, N? =0.093, N} =0.072 and NY

= 0.835
vy (m?s™h) 1.992 x 10~¢
p (kgm™) 974.8
2 (K 4201074
8, —0.128
B —0.136
AMWm 'K 0.52
Ce Jkg ' K1) 3.9x 10°
Kk (m?s™h) 1.37x 1077
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alcohol is more expansible than the two previous
binary mixtures, roughly composed of 10% of
alcohol.

Now we are able to compute the critical parameters
in the case of rigid, impermeable and conductive
boundary conditions, thanks to equations (7) and (8)
and to the physical properties of Table 1:

RaO\’Cr
r= 1708 > 1.73
w122 (33)

For a liquid layer of thickness d = 4.15 mm (see Sec-
tion 5 below), we can compute the critical temperature
difference AT,; and the critical period Il at the
onset of convection :

8
AT, =T 5 qaec
god®
2nd?
M, = 22 —445s. (34)
v

We will try to verify these estimates in the following
experimental paragraph.

5. LDV EXPERIMENTS AT THE ONSET OF
CONVECTION

We run our experiments with a rectangular cell of
4.15 mm thick, 115 mm long and 15 mm large, already
described before [36] and used in our earlier exper-
iments in binary mixtures [9-12]. In a preliminary
study, using differential interferometry [37], we have
observed the travelling waves after the onset of con-
vection in the proposed ternary system. This technique
did not allow us to sharply determine the critical
period. So we adopt, once again laser Doppler vel-
ocimetry (LDV). This is a very precise and non-
intrusive technique to provide quantitative velocity
profiles and we will not describe LDV here since we
use the same apparatus as before. The test experiments
on pure water, and on the binary mixture 90% water—
10% isopropanol, even if studied intensively before
[33] were repeated in the present experimental session
and the results are in complete agreement with those
of the period 1988—1990. Next we run the experiment
on two ternary mixtures of composition very close to
the one proposed in paragraph 4 (N9 = 0.093 iso-
propanol-N$ = 0.072 ethanol-NY = 0.835 water).
The experimental results are summarized in Table 2.
For example, taking the mixture 71, with the optical
probe of the velocimeter set at the centre of the cell,
we measured in time the vertical component of the
velocity. We get the oscillations given in Fig. 5 when
we increase the temperature difference at time r =0
from 1.95 to 1.97°C (trace not given for ¢ < 4000).
The fast Fourier transform (FFT) of the signal of Fig.
5 (an experimental point is taken each 2 s) performed
on 1024 sample points between ¢ = 4954 and ¢ = 7000 s,
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gives us a dimensional Hopf frequency of 1.26 x 102
Hz. So we deduce the critical period Il = 78.8 s.
Taking the average of the two experimental results
(run T; and T) we get:

AT, = 2.04°C instead of 2.74°C estimated

I1, = 76.0 s instead of 44.5s estimated. (35)

There is a complete disagreement between the exper-
imental results and the estimates. Nevertheless, if we
compute the separation ratio with equation (7)
(knowing the experimental value of r = 1.26), and
separately with the equation (8) (knowing the exper-
imental value of @ = 0.70), we obtain the same values :

from AT, =2.04°C or
r=126, y=-021
from Il =760s or

0=070, y=-021. (36

Thus the conclusion of our experimental finding is
that, in the ternary system, the stabilizing effect seems
less than the one estimated, and this will be discussed
in Section 7.

6. THE NONLINEAR STATE

When running our experiments in order to deter-
mine the critical parameters of the onset of convec-
tion, it is rather easy to wait for the nonlinear states
of travelling waves (roughly 10 h). For example for
the system T'1, we show a few periods of oscillation of
the vertical component of the velocity (Fig. 6), and
the FFT of this signal gives a period Iw = 487.6 s.
Table 2 summarizes the experimental results on the
two ternary systems.

These experimental results are once again surpris-
ing. Now the ratio wrw/we; = 0.16, whereas it was of
magnitude 0.05 in the binary system. We have no
explanation for the moment.

7. DISCUSSION

We have now to seek for an explanation of the
discrepancy between the experiments in ternary
mixtures and the theoretical predictions given in
Section 4.

We believe that the omission of cross-diffusion is the
main factor responsible for the observed discrepancy.
Indeed from equations (12) and (13) we have at the
steady state (J, = J, =0):

—D7;N,N;Dy, + D1,N,N, D,
D \Dy; ~D;, Dy,

grad(N;) = grad(T)

(37

(neglecting once again the term DT, N,N,). A similar
expression can be obtained for grad(N,). Next writing
the steady density gradient, depending on grad(T)
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Table 2. Summary of the experiments at a mean temperature of 21°C

Run wt% water wt% ethanol wt% isopropanol

T1 83.45
T2 83.46

7.26
7.26

9.29
9.28

Run AT, (K) I (s)
T1 1.96 78.8
72 2.12 73.1

Wi (Hz2)  Irw (5)

487.6
465.4

wrw (Hz) Drw/Deric

1.26 x 102
1.37x1072

2.05x10~?
2.15x 1073

0.16
0.16
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Fig. 5. Onset of convection of the mixture 7’1, when we increase the temperature difference from 1.95 to
1.97°C.
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Fig. 6. The state of travelling waves observed on the mixture 71, at a temperature difference of 1.97°C.

and on grad(N,), it can be transformed into equation
(38), where y, is an apparent separation ratio of the
ternary mixture representing all the contributions of
the concentration gradients (including the cross-
diffusional effects) to the density gradient.

grad(p) = — poograd(T)(1+v.) (3%

i/, is still equal to ¥, + y,, but now the ¥, are no longer
defined by equation (24). Now they are function of
all the coefficients x, 8, D,, D} and N?, including
cross-diffusional effzcts.

4, ~ BOLNINID,, ~ DENENSD,)
! a(Dy1Dy; —D13Dy,)

_ By(DLNINSD,, — DT, NINSD,)
a(Dy Dy, — D)3 Dyy)

Yo=Y+ (39)

If the stability of the layer is mainly determined by
the steady density gradient, thus by i,, perhaps that
the experimental value of iy = —0.21 corresponds to
an apparent separation ratio taking into account the

2
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-5x10°10

Fig. 7. The apparent separation ratio y, computed in the planes D,, and D,, (ali the other properties are
constant and equal to the values given in Table 1).

cross-diffusion. For our ternary mixture, we compute
V. as a function of D, and D,, (varying between
[—107% 10~°] m?® s~'), and we show that there exist
some values of these two cross-diffusional coefficients
that could explain a value of iy, = —0.21 (Fig. 7).

Following this idea, we compute r vs D, and D,,
with equation (7) (b = 1, Ra® = 277%/4), in which y is
equal to ¥, given by equation (39) (the vaiue of the
other properties are fixed). Next we generalize the deter-
minant (26) to include the cross-diffusional effects.
The new determinant is written below with A; defined
by equation (24) and Cr; = D (N5 (d)— N$(0))/D,/
(N7 (d)— N} (0)),

—(x* +wSc,) —Cry,x?
—Cry, x* —(x? +wSc,)
k2 Ray, i Ray,

0 0

Sc, — A, x?
Se —A,x?
’ : =0 (40)
Prx*(x* + ) —k*Ra
Pr —(x*+wPr)

from which follows Ra®"" (or r), that is then compared
with the approximation using equations (7) and (39).
The agreement is better than 1%.

The conclusion is that for free, permeable and con-
ductive boundary conditions equations (7) and (8),
together with an apparent separation ratio given by
equation (39), remain a very good approximation,
and could also be valid for rigid, impermeable and
conductive boundary conditions (at least for com-
parison with experiments), in ternary systems. If this
is true, Fig. 7 shows that the experimental value
V. = —0.21 can be obtained for different values of
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D,,, provided that D,, is close to 0.8 x 10 m®s ', a
value not incompatible with reality.
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